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Abstract
We consider the following conjecture:
Let G be a k-regular simple graph with an even number n of vertices. If k ≥ n/2 then G is k-edge-colourable.
We show that this conjecture is true for graphs that are join of two graphs and we provide a polynomial time algorithm for
finding a k-edge-colouring of these graphs.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
An edge-colouring of a graph G is an assignment of colours to its edges so that no two edges incident to the same
vertex receive the same colour. A k-edge-colouring of G is then a partition of its edge set into k matchings.
The chromatic index of G, denoted by χ ′(G), is the least k for which G has a k-edge-colouring. Since all the edges
incident to a vertex must have different colours, we know that χ ′(G) is at least the maximum degree of G, which we
denote by 1(G). By a well known theorem of Vizing [17], 1(G) ≤ χ ′(G) ≤ 1(G)+ 1.
Graphs with χ ′(G) = 1(G) are said to be Class 1, while the others are said to be Class 2. Despite the fact that
an edge-colouring of any graph G with 1(G)+ 1 colours can be found in polynomial time, the problem of deciding
whether G is Class 1 is NP-complete even if 1(G) = 3 [10].
Regular graphs receive a special attention in the edge-colouring theory as shown by the great number of conjectures
in which they are involved (see [16]). Here we consider one of these conjectures. Let G be a k-regular graph with n
vertices. If n is odd, it is easy to see that G is not k-edge-colourable; if n is even and k is “small”, then G may still not
be k-edge-colourable; but if n is even and k is “large”, then a long-standing open conjecture states that G is always
k-edge-colourable:
1-Factorization Conjecture. Let G be a k-regular graph with n vertices, n even. If k ≥ n/2 then χ ′(G) = k.
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This conjecture was formulated in [1] but may go back to Dirac in the early 1950s (see [16] for more references).
It is true for several special cases [3,13]; in particular, Chetwynd and Hilton [2] proved that it is true if the condition
k ≥ n/2 is replaced by k ≥ 1/2(√7 − 1)n. Further evidence for its validity comes from an asymptotic result
of Perkovic and Reed [15] which shows the validity of the 1-Factorization Conjecture for k-regular graphs with n
sufficiently large and with k ≥ (1/2+ )n.
In this paper we prove the validity of the 1-Factorization Conjecture for the class of graphs obtained as join of
two graphs. A graph G = (V, E) is the join of two graphs G1 = (V1, E1) and G2 = (V2, E2) (with V1 ∩ V2 = ∅)
if V = V1 ∪ V2 and E = E1 ∪ E2 ∪ {uv : u ∈ V1, v ∈ V2}; when G is the join of G1 and G2, we shall write
G = G1 + G2. The join operation (also known in the literature as graph substitution or sum) is a well known graph
composition which plays an important role in solving hard combinatorial problems. In particular, it has been crucial
in perfect graph theory [11] and in designing efficient algorithms for many optimization problems [4,12].
We investigate how the join operation affects the edge-colouring problem for regular graphs. Partial results on this
topic were provided in [9] and in [8]. In particular, these results state that if the join of two graphs G1 and G2 yields a
regular graph G with an even number of vertices, then G is Class 1 whenever G1 is an empty graph [9] or G1 and G2
have the same number of vertices [8].
In this paper we prove that G is Class 1 in all the remaining cases.
Since every k-regular join graph G with n vertices has k ≥ n/2, our result implies that the 1-Factorization
Conjecture is true for the class of join graphs.
It is worth noticing that the class of join graphs properly contains the class of P4-free graphs, i.e., graphs not
containing a P4 as an induced subgraph. These graphs are also known as cographs and they are of interest because
for them many NP-hard problems can be solved in polynomial time [5,6]. Currently, it is not known whether it is
NP-complete to decide if a cograph is Class 1.
In Section 2 we provide basic definitions and preliminary results on regular graphs that are obtained as the join of
two graphs. In Section 3 we prove that every join regular graph G with an even number of vertices is Class 1. In the
last section we sketch a polynomial time algorithm that finds an edge-colouring of G with 1(G) colours, when G is
a regular join graph with an even number of vertices.
2. Preliminary results
Let G be a k-regular graph with an even number of vertices obtained as the join of two graphs G1 and G2. Note that
both G1 and G2 are regular. In this section, we prove that G always contains a regular (spanning) subgraph satisfying
some colouring properties and moreover, we prove that this subgraph can be found in polynomial time.
The graphs in this paper do not have loops or multiple edges. For a graph G, we let dG(v) denote the number of
edges of G incident with the vertex v of G.
Let C = {c1, . . . , ct } be an edge-colouring of a graph G with m edges; throughout the paper we shall refer to each
ci as both a colour and a matching of G. The colouring C is said to be equitable if each ci has size equal to either
bm/tc or dm/te.
Proposition 1 ([7,14]). Every graph G with χ ′(G) ≤ t has an equitable t-edge-colouring which can be found in
polynomial time.
For every colour ci , we shall denote by X (ci ) the subset of vertices of G = (V, E) that are missed by colour ci (X (ci )
is the set of all vertices that are exposed with respect to the matching ci ); clearly, |X (ci )| = |V | − 2|ci |.
Observation 1. Let G be a k-regular graph and let C = {c1, . . . , ck+1} be an equitable (k + 1)-edge-colouring of G.
Then, each vertex is missed by exactly one colour, and so the vertex set of G can be partitioned into the k + 1 subsets
X (c1), . . . , X (ck+1).
Lemma 1. Let G = G1 + G2 be a k-regular join noncomplete graph with an even number of vertices; let Gi
be ki -regular, i = 1, 2, with k1 ≤ k2. Let C1 = { f1, . . . , fk1+1} be an equitable edge-colouring of G1, and let
C2 = {h1, . . . , hk2+1} be an equitable edge-colouring of G2. Then there exists an ordering of the elements of C2 such
that
|X (hi )| ≤ |X ( fi )| i = 1, . . . , k1 + 1.
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Proof. Write G1 = (V1, E1) and G2 = (V2, E2); let ni = |Vi |, i = 1, 2. Clearly, Gi is ki regular (i = 1, 2) and
k = n1 + k2 = n2 + k1. In particular,
n2 − n1 = k2 − k1. (1)
If k1 = k2, then G1 and G2 have the same number of vertices and the same number of edges. Thus |X (hi )| = |X ( fi )|,
for every i , and the lemma follows.
Hence, assume that k2 > k1, and so n2 > n1. Observe that, for every i = 1, . . . , k2 + 1,
|X (hi )| = n2 − 2|hi | = n1 − 2
(
|hi | − n2 − n12
)
.
Since |X ( fi )| = n1 − 2| fi | (i = 1, . . . , k1 + 1), proving the lemma amounts to proving the validity of the following
inequalities:
|hi | ≥ | fi | + n2 − n12 i = 1, . . . , k1 + 1. (2)
To this purpose, first note that (1) implies (n2 − n1)(n1 + k2) = (k2 − k1)n1 + (n2 − n1)k2, and hence
n2k2 − n1k1 = (n2 − n1)(n1 + k2). (3)
Set
x = n1k1
2(k1 + 1) , y =
n2k2
2(k2 + 1) .
We claim that




byc ≥ bxc + n2 − n1
2
. (5)
To see the validity of (4), note that
y − x = (n2 − n1)k1k2 + n2k2 − n1k1
2(k1 + 1)(k2 + 1) ,
and so, by (3),
y − x = (n2 − n1)
2
· k1k2 + n1 + k2
(k1 + 1)(k2 + 1) .
Since G is not complete and n1 − k1 = n2 − k2, it follows that k1 ≤ n1 − 2 and k2 ≤ n2 − 2, and so
k1k2 + n1 + k2 > (k1 + 1)(k2 + 1). Thus (4) holds.
To see the validity of (5), assume the contrary:
byc < bxc + n2 − n1
2
.
By the integrality of both the right hand side and the left hand side in the above inequality (n2 − n1 is even because
n2 + n1 is even), we can write
byc ≤ bxc + n2 − n1
2
− 1.
Since byc > y − 1, inequality (4) implies that
x + n2 − n1
2
− 1 < y − 1 < byc ≤ bxc + n2 − n1
2
− 1,
and so x < bxc which is impossible. Hence (5) holds.
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If byc > bxc + n2 − n1
2
, then by the integrality of both the left hand side and right hand side, we have
byc ≥ bxc + 1 + n2 − n1
2
, and so byc ≥ dxe + n2 − n1
2
. But then, since |hi | ≥ byc (i = 1, . . . , k2 + 1) and
| f j | ≤ dxe ( j = 1, . . . , k1 + 1), it follows that (2) holds and we are done. Thus, by (5), we are left with the case
byc = bxc + n2 − n1
2
. (6)
Now, (4) and (6) easily imply that byc < y. If bxc = x , then (4) and (6) imply that
dye > y > byc = x + n2 − n1
2
,
and so, since |hi | ≥ byc (i = 1, . . . , k2 + 1) and | f j | = x ( j = 1, . . . , k1 + 1), again (2) holds and we are done.
Hence, we can assume that bxc < x < dxe and byc < y < dye. By (6), we can write
dye = dxe + n2 − n1
2
. (7)
Let p denote the number of matchings fi of size bxc and let q denote the number of matchings hi of size byc.
If p ≥ q then (6) and (7) imply that the q matchings hi of size byc and any k1 + 1 − q (among the k2 + 1 − q)
matchings hi of size dye satisfy (2), and we are done. Hence we may assume that p < q . If k2 − k1 ≥ q − p, then
k2 + 1 − q ≥ k1 + 1 − p; hence (6) and (7) again imply that any p (among the q) matchings hi of size byc and any
k1 + 1− p (among the k2 + 1− q) matchings hi of size dye satisfy (2), and we are done.
Thus to prove the lemma we only need to verify its validity in the case p < q and k2 − k1 < q − p. We shall
show that this case is impossible. We have |E1| = n1k1/2 = p bxc + (k1 + 1 − p) dxe , with 1 ≤ p ≤ k1 (because




= (k1 + 1)(bxc + 1)− p, n2k22 = (k2 + 1)(byc + 1)− q. (8)
By using (1), (6) and (8), we can write n2k2 − n1k1 = (n2 − n1)(k2 + 3 + 2 bxc) − 2(q − p). But then, (3) implies
that 2(q − p) = (n2 − n1)(3− n1 + 2 bxc). Now, by assumption, k2 − k1 < q − p; hence n2 − n1 < q − p, and so
2(q − p) < (q − p)(3− n1 + 2 bxc),
that is (q − p)(1 − n1 + 2 bxc) > 0. Since by assumption q − p > 0, it follows that n1 − 2 bxc < 1, which (by
integrality) implies that n1 − 2 bxc = 0. But then
n1 − 2 bxc > n1 − 2x = n1 − n1k1k1 + 1 =
n1
k1 + 1 > 0,
which is impossible. Thus the lemma follows. 
In the following theorem we show that every k-regular graph which is the join of a k1-regular graph G1 and a
k2-regular graph G2 contains a (k1+ 1)-regular spanning subgraph H such that H is (k1+ 1)-edge-colourable and H
contains G1 as an induced subgraph.
Theorem 1. Let G = G1 + G2 be a k-regular join noncomplete graph with an even number of vertices; let Gi be
ki -regular, i = 1, 2, with k1 ≤ k2. Then G contains a (k1+1)-regular spanning subgraph H having the following two
properties:
(a) G1 is an induced subgraph of H,
(b) χ ′(H) = k1 + 1.
Proof. Write Gi = (Vi , Ei ) and set ni = |Vi | (i = 1, 2). Clearly, Gi is ki regular (i = 1, 2), and n2 − n1 is even
(because n1 + n2 is even).
Let C1 = { f1, . . . , fk1+1} be an equitable edge-colouring of G1 and let C2 = {h1, . . . , hk2+1} be an equitable
edge-colouring of G2. By Lemma 1, there exist k1 + 1 colours of C2, say h1, . . . , hk1+1, such that |X (hi )| ≤ |X ( fi )|
(i = 1, . . . , k1 + 1).
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Let H2 = (V2, F2) be the spanning subgraph of G2 induced by these k1+1 matchings hi , i.e., F2 =⋃k1+1i=1 hi (note
that, when k1 = k2, H2 = G2). Since G2 is k2-regular, it follows (by Observation 1) that each vertex of G2 is missed
by exactly one colour in C2; hence each vertex of G2 is missed by either one or zero colours hi , i = 1, . . . k1 + 1.
Thus each vertex of H2 has degree equal to either k1 or k1 + 1; let A denote the set of vertices each having degree k1








(The second equality is implied by Observation 1.) Set
αi = |X ( fi )| − |X (hi )|, i = 1, . . . , k1 + 1.
Since |X (hi )| = n2 − 2|hi | and |X ( fi )| = n1 − 2| fi |, it follows that each αi is a nonnegative even integer. Moreover,
by Observation 1, n1 =∑k1+1i=1 |X ( fi )|, and so n1 − |A| =∑k1+1i=1 αi . Clearly, n1 − |A| is a nonnegative even integer.
To build the required graph H we shall consider two cases.
Case 1 |A| = n1.
Since |A| = n1, it follows that |X ( fi )| = |X (hi )| for every i = 1, . . . , k1 + 1. Hence, with every vertex u j of
G1 we associate a vertex vu j of H2 so that if u j ∈ X ( fi ) for some i , then vu j ∈ X (hi ) (note that vu j ∈ A); let
e j = u jvu j , j = 1, . . . , n1 (note that e j is an edge of G because G is a join graph). Then, consider the spanning
subgraph H of G that is formed by G1, H2, and the n1 edges e j ( j = 1, . . . , n1). Clearly H is (k1 + 1)-regular and
it satisfies property (a). To verify that H satisfies property (b), we only need to identify each colour hi with colour
fi (i = 1, . . . , k1 + 1), and then colour edge e j = u jvu j with the colour fi missing both u j and vu j , for every
j = 1, . . . , n1. Thus, χ ′(H) = k1 + 1.
Case 2 |A| < n1.
Since n1 − |A| =∑k1+1i=1 αi > 0, it follows that αi > 0 for some i . This implies that there are some matchings hi ,
i ≤ k1 + 1, such that |X ( fi )| > |X (hi )|.
In this case, we shall remove precisely αi/2 edges from every matching hi in order to obtain a new matching h′i
such that |X (h′i )| = |X (hi )| + αi = |X ( fi )|.
To this purpose, we set H02 = H2 = (A0 ∪ B0, F0), with A0 = A, B0 = B, and F0 = F2. For each
i = 1, . . . , k1 + 1, we apply the following procedure:
1. If αi = 0, then set h′i = hi and H i2 = H i−12 .
2. If αi 6= 0, then select αi/2 arbitrary edges of hi such that each of these edges is incident to some vertex in Bi−1;
denote by T i the set of these edges and by W i the set of the endvertices of these edges.
Set h′i = hi − T i and X (h′i ) = X (hi ) ∪ W i , so that |X (h′i )| = |X (hi )| + αi = |X ( fi )|. Note that X (h′i ) could
contain nodes in X (h′j ) for some j < i ; to put it differently, some node missed by the colour h′i could be missed by
other colours h′j with j < i (see the example in the last section). Let Si denote the set of vertices in Bi−1 that are
incident to some edge in T i . Set H i2 = (Ai ∪ Bi , F i ) with Ai = Ai−1 ∪ Si , Bi = Bi−1− Si and F i = F i−1− T i .
To prove the correctness of the above procedure, we need to show that at each step i such that αi 6= 0, there always exist
αi/2 edges of the matching hi that are incident to some vertex in Bi−1. To this purpose, first note that each vertex v in
B has degree k1+1 and so every matching hi has exactly one edge incident to v. Moreover, |B|+ |A| = n2 ≥ n1+2,
and so |B0| = |B| ≥ n1 − |A| + 2 = ∑k1+1i=1 αi + 2. Since at each step i we remove at most αi vertices from Bi−1
(|Si | ≤ αi ), it follows that |Bi | ≥∑ j>i α j + 2.
Next, note that each graph H i2 (i ≥ 1) (built at the end of step i) has the following four properties:
• every vertex in Ai has degree at most k1,
• every vertex in Bi has degree equal to k1 + 1,
• the edges of H i2 are coloured h′1, . . . , h′i , hi+1, . . . , hk1+1 with |X (h′j )| = |X ( f j )| for every j ≤ i ,
• Ai = X (h′1) ∪ · · · ∪ X (h′i ) ∪ X (hi+1) ∪ · · · ∪ X (hk1+1) where the sets are not necessarily disjoint.
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Now, let G ′2 = H k1+12 . The edges of G ′2 are coloured h′1, . . . h′k1+1 with |X (h′i )| = |X ( fi )| (i = 1, . . . , k1 + 1).
Since Ak1+1 is the union of the (not necessarily disjoint) sets X (h′1), . . . , X (h′k1+1), it follows that with every vertex
u j of G1 we can associate a vertex vu j of G
′
2, so that if u j ∈ X ( fi ) for some i , then vu j ∈ X (h′i ) ( j = 1, . . . , n1).
Finally, consider the spanning (k1 + 1)-regular subgraph H of G formed by G1, G ′2, and the n1 edges e j = u jvu j
( j = 1, . . . , n1). Clearly H satisfies property (a). To verify that H satisfies property (b), we need only identify each
colour h′i with colour fi (i = 1, . . . , k1 + 1), and colour edge e j = u jvu j with the colour fi missing both u j and vu j ,
for every j = 1, . . . , n1. Thus, χ ′(H) = k1 + 1 and the theorem follows. 
From Proposition 1 and from the proof of Theorem 1, it follows that
Corollary 1. There exists a polynomial time algorithm for finding a graph H satisfying the properties in Theorem 1.
The algorithm also returns an equitable edge-colouring of H.
This algorithm will be illustrated in Section 4.
3. The result
In this section, we prove the validity of the 1-Factorization Conjecture for the class of join graphs. The proof
consists of finding a partition of the edge set of a join graph G into two subsets so that the (spanning) subgraphs of G
induced by such sets are regular and their chromatic index is equal to the corresponding maximum degree.
Theorem 2. Let G be a k-regular join graph with an even number of vertices. Then χ ′(G) = k.
Proof. Write G = G1 + G2 with G1 = (V1, E1) and G2 = (V2, E2). For i = 1, 2, let ni denote the number of
vertices of Gi , and let ki denote the maximum degree of Gi ; without loss of generality, k1 ≤ k2. Clearly, Gi is ki
regular (i = 1, 2), and k = k1 + n2 = k2 + n1. If G is complete, then χ ′(G) = k, and we are done. Hence, we shall
assume that G is not complete. Since n1 − k1 = n2 − k2 and since G is not complete, it follows that k1 ≤ n1 − 2 and
k2 ≤ n2 − 2.
By Theorem 1, G contains a (k1 + 1)-regular spanning subgraph H = (V, F), having G1 as an induced subgraph,
and such that χ ′(H) = k1 + 1. Now, consider the graph G − H = (V, E − F).
First, assume that k1 = k2, and so n2 = n1. In this case, as noticed in the proof of Theorem 1, the graph H
contains also G2 as an induced subgraph, and so G−H is a bipartite graph of maximum degree equal to n2−1. Since
χ ′(G − H) = n2 − 1, it follows that χ ′(G) = k1 + n2 = k, and we are done.
Next, assume that k1 < k2, and so n1 < n2. Clearly, G − H is (n2 − 1)-regular (because H is (k1 + 1)-regular).
Note that the set V1 is an independent set of G − H of size n1 (because G1 is an induced subgraph of H ); moreover,
in the graph G − H , every vertex in V1 is adjacent to precisely n2 − 1 vertices in V2.
Let G∗2 = (V2, E∗2 ) denote the subgraph of G − H induced by V2. We have
|E∗2 | = |E(G − H)| − (n2 − 1)n1 = (n2 − 1)
n2 + n1
2
− (n2 − 1)n1.
Since 1(G∗2) ≤ k2 < n2 − 1, it follows that χ ′(G∗2) ≤ n2 − 1. Let C = {c1, . . . , cn2−1} be an equitable (n2 − 1)-
edge-colouring of G∗2. Clearly, |ci | = (n2 + n1)/2− n1, for every i = 1, . . . , n2 − 1, and so
|X (ci )| = n2 − 2|ci | = n1, i = 1, . . . , n2 − 1. (9)
To prove the theorem we only need show how to extend the colouring C to the (n2 − 1)n1 edges of G − H that join
the vertices in V1 to the vertices in V2, so that χ ′(G − H) = n2 − 1.
Let Q denote the set of the not yet coloured (n2 − 1)n1 edges of G − H and let B denote the bipartite graph
with bipartition C and V2, and edge set {civ j : ci ∈ C, v j ∈ V2, and v j missed by colour ci } (this graph was first
introduced by Hoffman and Rodger in [9]).
We claim that 1(B) = n1. To see this, first observe that, by (9), every vertex ci ∈ C has dB (ci ) = n1 and every
vertex v j ∈ V2 has dB (v j ) = (n2 − 1) − dG∗2 (v j ). Since dG∗2 (v j ) = (n2 − 1) − t (v j ), where t (v j ) is the number of
vertices in V1 that are adjacent to v j in G − H , it follows that dB (v j ) = t (v j ) ≤ n1. Thus 1(B) = n1.
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Fig. 1.
LetD = {d1, . . . , dn1} be an equitable edge-colouring of B. Since B has precisely (n2−1)n1 edges, it follows that|di | = n2 − 1, for every i = 1, . . . , n1. Moreover, the number of vertices of B is equal to |C| + n2, and so,
|X (di )| = |C| + n2 − 2|di | = 1.
Hence, for every i = 1, . . . , n1, the matching di misses precisely one vertex of B and this vertex is a vertex in V2
(because dB (ci ) = n1 for every ci ∈ C). Now, every vertex ui in V1 (i = 1, . . . , n1) is adjacent in G − H to every
vertex in V2 but a unique vertex, say vui . Without loss of generality, we may assume that the matching di of B misses
precisely the vertex vui , for every i = 1, . . . , n1.
Finally, let civ j be an arbitrary edge of the bipartite graph B (with ci ∈ C and v j ∈ V2) and let dr be its colour. We
claim that we can colour edge v jur with colour ci . (Note that v jur is an edge of G − H because v j 6= vur .) To verify
that the colouring so obtained is admissible, assume the contrary: there exist in Q two adjacent edges e and f that
have the same colour ci . Let e = v jur . If f = vhur then in B both edges civ j and civh would be coloured dr , which
is impossible; if f = v jut then in B the edge civ j would be coloured both dr and dt , which again is impossible. Thus,
χ ′(G − H) = n2 − 1, and the theorem follows. 
4. Sketch of the algorithm
An immediate consequence of the above results is that there exists a polynomial time algorithm for finding a
k-edge-colouring of a k-regular graph G that is the join of two graphs, as long as G has an even number of vertices.
The edge-colouring algorithm
Input. G = G1 + G2, k-regular; Gi ki -regular with ni vertices (i = 1, 2); n1 + n2 even; and k1 < k2.
1. Find H satisfying the properties in Theorem 1 and a (k1 + 1)-edge-colouring F of H.
2. Set G∗2 as the subgraph of G − H spanned by the vertices of G2.
3. Find an equitable (n2 − 1)-edge-colouring C of G∗2.
4. Extend C to G − H.
Output. F ∪ C is a k-edge-colouring of G.
The algorithm runs in polynomial time: Step 1 runs in polynomial time, accordingly with Corollary 1; Step 3
runs in polynomial time, accordingly with Proposition 1; Step 4 runs in polynomial time, as shown in the proof of
Theorem 2.
The most difficult part of the algorithm is Step 1. In the following we illustrate how the algorithm performs this
step on an example.
Consider the graph G = G1 + G2 obtained as the join of the graphs G1 = (V1, E1) and G2 = (V2, E2) shown in
Fig. 1. We have n1 = 8, k1 = 1, n2 = 10, and k2 = 3. Let { f1, f2} denote an equitable (k1+ 1)-edge-colouring of G1
and let {h1, h2, h3, h4} denote an equitable (k2 + 1)-edge-colouring of G2.
The two edge-colourings are shown in Fig. 2: the edges of f1 are bold-dashed, the edges of f2 are bold, the edges
of h1 are bold-dashed, the edges of h2 are bold, the edges of h3 are dashed, and the edges of h4 are plain. Note that
| f1| = | f2| = 2, and so |X ( f1)| = |X ( f2)| = 4; moreover |h1| = 3 and |h2| = |h3| = |h4| = 4, and so |X (h1)| = 4
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Fig. 2. (a) A 2-edge-colouring of G1. (b) A 4-edge-colouring of G2.
Fig. 3. The graph H2.
Fig. 4. The graph H and its edge-colouring F .
while |X (h2)| = |X (h3)| = |X (h4)| = 2. In particular, |X (hi )| ≤ |X ( fi )| (i = 1, 2). In Fig. 3 it is shown the graph
H2 (the subgraph of G2 induced by h1 and h2); the black vertices have degree k1 while the white vertices have degree
k1 + 1.
Since α1 = |X ( f1)|−|X (h1)| = 0 and α2 = |X ( f2)|−|X (h2)| = 2, we are in the Case 2 of the proof of Theorem 1
(|A| = 6 < 8 = n1). Set h′1 = h1 and construct h′2 by removing from h2 one of its edges, say edge v1v6. Thus,
X (h′1) = X (h1) = {v6, v8, v9, v10} and X (h′2) = X (h2) ∪ {v1, v6} = {v6, v5, v1, v2} (note that X (h′1) ∩ X (h′2) 6= ∅).
Afterwards, arbitrarily fix two injective correspondences: one between the vertices of X ( f1) = {u1, u2, u5, u6}
and the vertices of X (h′1) and another between the vertices of X ( f2) = {u3, u4, u7, u8} and the vertices of X (h′2).
Finally, add to the graph induced by h′1 ∪ h′2 the edges of G joining the corresponding vertices of X ( fi ) and X (h′i ),
i = 1, 2. This yields the graph H shown in Fig. 4 (satisfying properties (a) and (b) of Theorem 1) together with its
2-edge-colouring F .
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